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Abstract
The angular distributions of photoelectrons from atomic oxygen, nitrogen and carbon are calculated. 
Both Hartree-Fock and Hartree-Slater (Herman-Skillman) wave functions are used for oxygen, and 
the agreement is excellent; thus only Hartree-Slater functions are used for carbon and nitrogen. The 
pitch angle distribution of photoelectrons is discussed and it is shown that previous approximations of 
energy independent isotropic or sin2 θ distributions are at odds with our results, which vary with en-
ergy. This variation with energy is discussed as is the reliability of these calculations. 
I. Introduction
The process of photoionization plays a significant role in many aeronomic and astrophysical phe-
nomena (Dalgarno, 1967; Takayanagi and Itikawa, 1970). If the process occurs in a dense medium, 
the only important quantity is the photoabsorption cross section; the angular distribution of the pho-
toelectrons is inconsequential, since it rapidly becomes isotropic due to collisions with the atoms 
and molecules of the medium. In a less dense medium, where the photoelectrons can travel consid-
erable distances before losing their energy, the initial photoelectron angular distribution can be im-
portant. An example of such a situation occurs in the upper F2 layer of the Earth’s upper atmosphere 
where photoelectrons produced by solar radiation ionizing atomic oxygen (produced by solar photo-
dissociation of O2) can either deposit their energy locally or spiral along the lines of the Earth’s mag-
netic field and deposit their energy nonlocally at the conjugate point (Mariani, 1964; Whitten, 1968; 
Fontheim, 1968; Kwei and Nesbit, 1968), i.e. magnetic focusing of the photoelectrons by the Earth’s 
magnetic field. 
In this paper, the angular distribution of photoelectrons from atomic oxygen is investigated us-
ing Hartree-Fock (HF) wave functions. A previous work (Kennedy and Manson, 1972a) used Har-
tree-Slater (HS) wave functions in an incorrect theoretical formulation. Here the correct formulation 
is used to compare HS and HF results. Agreement between these results is so good that we have ex-
tended the HS calculations to atomic nitrogen and carbon as well. 
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In Section II a brief discussion of the theory of photoionization and photoelectron angular distri-
butions and of the method of calculation is given. A derivation of the formulae relevant to the conju-
gate point phenomenon is presented in Section III. In Section IV, we present and discuss the results 
of our calculations, while Section V contains some final remarks and recapitulates the major results 
of this paper. 
II. Theory of Photoionization and Photoelectron Angular Distributions
If we assume the wave functions of an atomic system can be well approximated by antisymme-
trized products of single particle wave functions (labeled Pnl
i and Pnl
f for initial and final states re-
spectively), then the general expression for photoionization of an electron from an (nl)p 2S + 1L state to 
an {[(nl)q – 1 2Sc + 1Lc], (εl′)}
2 S + 1L′ state is given by (Bates, 1946) 
(1) 
Here I is the experimental ionization potential of the 2S + 1L state of the atom relative to the 2Sc + 1Lc 
state of the residual ion core, ε is the photoelectron energy, R the Rydberg energy, α the fine structure 
constant, a0 the Bohr radius, ωi the statistical weight of the initial state, l′ the final photoelectron an-
gular momentum, l> is the greater of l and l′, and ζ, the relative multiplet strength. The overlap inte-
gral γ and the radial dipole matrix element Rl′(ε) are given by
(2) 
and
(3) 
where the continuum wave function is normalized such that
(4) 
where σl′ = argΓ(l′ + 1 – iε
–½) is the Coulomb phase shift and where δl′ is the phase shift with respect 
to Coulomb waves. This normalization of Pfεl′ is the usual normalization of continuum wave func-
tions per unit energy range. 
The single particle wave functions for the initial discrete states were chosen to be Hartree-Fock 
HF functions compiled by Clementi (1965); the single particle discrete functions for the positive ion 
cores were similarly chosen to be the HF functions of Clementi (1965). The wave function for the 
final continuum electron is obtained in the field of the HF positive ion core. The numerical details 
are given by Manson and Cooper (1968) and Kennedy and Manson (1972b), and the continuum HF 
equations have been presented in detail by Dalgarno, Henry and Stewart (1964). 
In addition Herman-Skillman (HS) wave functions have also been employed in these calcula-
tions for comparison with the HF results. In using these wave functions, no core relaxation is consid-
ered, and the continuum function is found from the central potential appropriate to the ground state 
of the atom. A full discussion of this type of calculation is given by Manson and Cooper (1968). 
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The angular distribution of photoelectrons from an initial 2S + 1L state to a 2Sc + 1Lc state of the re-
sidual ion core is given for unpolarized light by (Cooper and Zare, 1968, 1969). 
(5) 
where
(6) 
θ is the angle between the incident photon beam and photoelectron direction, P2(x) = ½(3x
2 – 1) and 
βi(ε) is the asymmetry parameter. The form of the angular distribution (Equation 5) can be obtained 
from quite general considerations depending only on the absorption of radiation by an unpolarized 
target occurring via an electric dipole process (Yang, 1948); deviation from the form of this equation 
implies the presence of absorption via processes other than electric dipole. The asymmetry parame-
ter, βi(ε), however, does depend upon the details of the calculation. Specifically, for the LS coupled 
anti-symmetric products of single particle Hartree-Fock functions we are using, the asymmetry pa-
rameter is a sum over the β’s corresponding to each of the possible values of the angular momentum 
jt transferred to the atom by the photon, each of these β’s being weighted by the relative cross section 
for each value of jt (Dill and Fano, 1972; Fano and Dill, 1972; Dill, 1973) 
(8) 
Transitions where the parity change of the target is (–1) jt are said to be parity favored and β( jt) is 
given by (Dill and Fano, 1972; Dill, 1973) 
(9) 
where S¯ ±( jt) denote the photoionization amplitude for a given jt and for l′ = jt ± 1; values of jt for 
which the parity change is –(–1) jt are called parity unfavored and have a sin2 θ distribution (Dill and 
Fano, 1972; Dill, 1973), i.e. 
β( jt)unf  =  –1,                                                                 (10) 
independently of dynamics. The integrated cross sections σ( jt) have the structure (Dill, 1973) 
(11) 
(12) 
where S¯0( jt) is the photoionization amplitude for the value of jt = l′ and is λ the photon wavelength 
(divided by 2π). Detailed discussion of these matrix elements is given by Dill, Manson, and Starace 
(1974). As an example of the results, βi for the 
3P → 2D photoionization (labeled by i) for oxygen is 
given by
(13) 
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where cc is a complex congugate and
(14a) 
(14b) 
(14c) 
(14d) 
in which σs and σd are the Coulomb phase shifts defined previously. The superscripts on the phase 
shifts and dipole matrix elements refer to the different total angular momentum states of the photo-
electron-ion system after photoionization: e.g. a d-wave photoelectron plus a 2D ion core can couple 
to possible final states 3S, 3P, and 3D.
Note that the second term in the numerator of Equation (13) introduces a cosine of the difference 
of the phase shifts between the d- and s-continua very much like the simple Cooper-Zare expres-
sion (Cooper and Zare, 1968, 1969). The other terms, which do not appear in the Cooper-Zare for-
mulation, introduce the cosine of phase shift differences between the various possible d-continua (3S, 
3P, or 3D). However, it is seen from Equations (12b–d) that if the phase shifts and dipole matrix ele-
ments of d-continua are the same, (as they are in a HS type calculation), the jt = 2 and jt = 3 contribu-
tions vanish and Equation (11) reduces to the Cooper-Zare formula for an initial p-state, 
(15) 
where ξl ±1 = δl ± 1 + σl ± 1. Equation (15) shows that within the HS approximation, βi(ε) is the same 
for each channel and depends only upon the photoelectron energy, ε. Thus when a HF calculation 
results in differing matrix elements and phase shifts for differing final state multiplets with the 
same ion core, the Cooper-Zare formula will be in error to an extent determined by the magnitude 
of these phase shift differences. In closing this section we emphasize that Equation (15) is applied 
to the angular distribution of all photoelectrons in a transition from a given atomic state to a given 
ionic state. The discussion of this point in a previous paper (Kennedy and Manson, 1972b) is in-
correct and should be disregarded. The β results in that paper for the 2S → 2P channel is the cor-
rect one for all channels in the Cooper-Zare approximation, whose validity for oxygen is examined 
below. 
III. Pitch Angle Distribution of Photoelectrons
For the conjugate point phenomenon, we are interested in the angular distribution of photoelec-
trons with respect to the Earth’s magnetic field direction, i.e. the pitch angle distribution. To get this, 
we have the situation shown in Figure 1 where the magnetic field is in the z-direction and the inci-
dent photon is in the x–z plane, making an angle γ with the z-axis. Assume the photoionization takes 
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place on the z-axis with the photoelectron going in the direction shown. The angular distribution of 
photoelectrons is given generally by
(16) 
using the addition theorem for spherical harmonics. We are interested in the pitch angle distribution, 
dσ/d(cos θ′) without regard to φ . Thus, integrating over φ ,  we obtain 
(17) 
For an electric dipole interaction A0 = σ/(4π) and A2 = – (β/2)A0, so that
(18) 
which is the pitch angle distribution. 
IV. Results and Discussion
Calculations have been performed for photoionization of the 2p subshell of oxygen from the 
ground configuration in the 3P, 1S, and 1D states in both HF and HS approximations as discussed in 
Section II. The calculated cross section for photoionization from the 3P state of the ground (2p)4 con-
figuration of neutral oxygen is given in Figure 2. The results show fairly good agreement among the 
HF-length (HFL), HF-velocity (HFV), and HS formulations. In addition, our results agree essentially 
exactly with the HF results of Dalgarno et al. (1964). This is, of course, to be expected and serves to 
confirm our computational technique. 
More importantly, it has been shown that the angular distribution of photoelectrons is only very 
weakly a function of the cross section; it is the phase shifts of the continuum waves which are all-im-
portant (Manson and Kennedy, 1970; Kennedy and Manson, 1972b). This is true in any spectral re-
Figure 1. Schematic Representation of the Photoionization Process. 
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gion where neither a shape resonance nor a Cooper minimum occurs; we note that neither is in evi-
dence for the photoionization of oxygen. Further, the phase shifts of the various εd’s in the HF and 
HS approximation are essentially the same. Thus it is expected that the angular distribution parame-
ters, the βi’s, will not differ very much in the various approximations. This is borne out by Figure 3, 
which shows the βi’s for the various possible photoionization transitions computed in the HFL and 
HS approximations. The agreement among the several approximations is seen to be excellent. Thus 
we conclude that for light atoms, the HS approximation will predict excellent β’s and the Cooper-
Zare formulation is adequate. 
In the previous work relating to the conjugate point phenomenon, the angular distribution pa-
rameter was assumed to be isotropic (β = 0) by Fontheim et al. (1968) or sin2 θ (β = 2) by Mariani 
Figure 2. Photoionization cross section of O(3P) → O+(4S, 2D, 2P) + e. The solid curve is the Hartree-
Slater (Hs) result, and the dashed and dot-dashed curves are the Hartree-Fock Length (HFL) and Veloc-
ity (HFV) respectively. 
Figure 3. Asymmetry parameter, β(ε), for 2p photoionization of atomic oxygen. The solid curve is the 
HS result and the vertical lines represent the range of HFL results for all the photoionization channels 
from the (2p)4 atomic configuration to (2p)3 ionic configuration. 
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(1964) and Whitten (1968). From Figure 3, however, it is apparent that the β’s vary with energy. Fur-
ther, an isotropic distribution is valid only just above threshold, and βi never gets near 2. For ener-
gies a bit above threshold and thereon, βi ~ 1, or about halfway between isotropic and sin
2 θ. Hence 
it appears that the approximations made in connection with the angular distribution of photoelectrons 
from atomic oxygen are not valid in any spectral region, and even the assumption of constant β is un-
warranted, based upon our results. 
The variation of β with photoelectron energy ε is caused principally by the variation of the phase 
shift difference ξd – ξs, with energy. This difference is made up of the sum of the Coulomb phase 
shift difference given by (Manson, 1973) 
(19) 
and the non-Coulomb δd – δs. For oxygen at threshold  δd  π, while from Equation (19) σd – σs = –
π, so that the phase shift difference at threshold is about –2π. Thus the cosine term in Equation (15) 
is about unity, so the two terms in the numerator tend to cancel, leading to the near zero threshold 
value of β shown in Figure 3. As the energy increases to ε = 1R, the only major change is in the Cou-
lomb phase shift difference which becomes ~ –π/2, so that the ξd – ξs  –3π/2, and the cosine term in 
Equation (15) vanishes; β is therefore about unity. This rapid rise of β just above threshold is a gen-
eral characteristic of atomic photoelectron angular distribution parameters and is caused by the Cou-
lomb phase shift variations in this energy region (Kennedy and Manson, 1972b; Manson, 1973). At 
higher energies, no major variation in matrix elements or phase shifts occur, so β varies only very 
smoothly as shown. 
The adequacy of the HS approximation, as discussed above, for low-Z elements gives impetus to 
performing further calculations using this approximation. To this end, we have calculated the angu-
lar distributions of the photoelectrons from the states arising from the ground configurations of car-
bon and nitrogen. 
The β’s for N and C are shown in Figure 4. For N, the results are substantially like O. The βi for 
N is substantially like that for O, since the dipole matrix elements and continuum wave phase shifts 
are fairly close. The variations of βi with ε, therefore, are results of effects discussed in connection 
with oxygen previously. 
For carbon, the results show effects substantially the same as in O and N, and for exactly the 
same reasons as discussed above. It is thus clear that the approximation of a constant β = 0 or β = 2 is 
quite poor in these cases as well. 
V. Final Remarks
From the previous section it is seen that the photoelectrons from atomic oxygen have an initial 
angular distribution which is neither isotropic nor sin2 θ. Further, we find the initial angular distribu-
tion to be strongly dependent upon the energy (wavelength) of the impinging radiation. In order to 
estimate the effects of this initial angular distribution on the electron density at a distant point (such 
as a conjugate point), it is necessary to evaluate in detail the effects of the collisions of the photoelec-
trons in the intervening distance as well as deflections by the Earth’s magnetic field. This calculation 
is, however, beyond the scope of this work. In any case, we note that low energy photoelectrons will 
be more rapidly isotropized as shown recently by Shyn, Stolarski, and Carignan (1972). 
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Figure 4. Asymmetry parameters, β(ε), for 2p photoionization of atomic N and C calculated using HS 
wave functions. 
As to the accuracy of our calculations, comparison with experiment shows excellent agreement 
(Kennedy and Manson, 1972; Mitchell and Codling, 1972; Lynch, Gardner, and Codling, 1972; van 
der Wiel and Brion, 1973) for noble gas atoms. Some modification of the theory is necessary when 
fine structure is significant in the initial state of the atom, as pointed out by Dill (1973), but these ef-
fects are expected to be inconsequential here. This is presently under investigation. In addition, this 
work does not consider the effects of autoionization, which will affect the angular distribution in 
the vicinity of an inner shell threshold (Dill, 1973), in particular the 2s. This affects things in only a 
very small energy range, a few eV below the 2s threshold, so it should not be too important for the 
conjugate point phenomenon. Finally, it has been shown theoretically by Amusia et al. (1972) that 
the inclusion of correlation in initial and final states significantly affects angular distributions only 
near Cooper minima (Cooper, 1962) and for subshells whose cross section is strongly perturbed by 
a nearby subshell whose cross section is very much larger via the interchannel interaction (Fano, 
1961). It is thus felt that the theoretical β’s presented herein are of sufficient accuracy for application 
in aeronomic problems. 
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